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Application of Lamination Parameters to Reliability-Based
Stiffness Design of Composites
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and
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This paper is concerned with the optimum stiffness design of multiaxial fiber reinforced laminates under the
probabilistic conditions of loads and material properties using the lamination parameters. The constraints are
imposed on the in-plane stiffnesses or their functions with a prescribed reliability. The reliability analysis of the
stiffness and the strains of the laminates under the probabilistic in-plane stresses is conducted by using the
advanced first-order second-moment (AFOSM) method. Then, the optimum fiber orientation angles of multiax-
ial laminates are determined based on reliability and compared with those under the deterministic conditions.
The effects of the probabilistic properties of the applied loads and the elastic constants of the ply material are
discussed from the viewpoint of reliability and optimum design.

Nomenclature

A = in-plane stiffness matrix

A* = normalized in-plane stiffness matrix

Al = element of normalized in-plane stiffness matrix,
,j=1,2,6

cC = correlation coefficient

cv = coefficient of variation

CV(X) = coefficient of variation of X

D = flexural stiffness matrix

D* = normalized flexural stiffness matrix

D} = element of normalized flexural stiffness matrix,
Lj=1,2,6

E(X) = mean value of X

E; = effective in-plane engineering constant of
elasticity, i=1, 2, 6

Fy = probability distribution function of X

I = objective function

Sfx = probability density function of X

g 8k = constraint

h = thickness of laminated plate

K = number of constraints; failure constant of
laminate

M = moment vector

M, M(x) = limit state function

N = in-plane load vector

N = half-number of total plies

N; = npumber of plies in the ith ply group
PlX] = probability of X

Py = probability of failure

P, = lower bound of probability

Di = ply ratio of the ith ply group

SD = standard deviation

S; =stress, i=1,2,6

S = sum of variances
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U, u = transformed basic variables with standard
normal distribution and their realizations
U; = material constant in Ref. (8)

u = 3 point

V¥, V¥ =in-plane lamination parameter
var(X) = variance of X

\Z = ply ratio of the ith ply group

W3, Wi = flexural lamination parameter

X, X; = random variable

X = axis along fibers

y = axis perpendicular to fiber direction

Z = axis perpendicular to the laminate

= distance between the midplane to the upper
surface of the ith ply group of the laminate
safety index

in-plane strain vector; strain

upper bound of strain, i =1, 1I, VI

vector of fiber orientation angles of a laminate
= fiber orientation angle

= fiber orientation angle of the ith ply group
= curvature vector

= Poisson’s ratio

= correlation coefficient between 6; and 0;

= standard deviation of fiber orientation angle
= standard normal distribution function
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Subscripts

= failure domain where M <0

= longitudinal and transversal

= shear in x-y axes; symmetry of laminate
= major and minor reference axes

= shear in 1-2 axes

= major and minor principal strain

= maximum shear strain
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Introduction

AMINATED fibrous composite plates can be tailored to

obtain the maximum performance by selecting ply mate-
rials and taking an optimum stacking sequence. Many investi-
gations have been carried out for obtaining the optimum fiber
angles for the maximum stiffness,! the maximum buckling
strength,”* and the maximum fundamental frequency.’ In
addition to those researches, an approach using the lamination
parameters is one of the most powerful methods since it
clearly gives the feasible design region for general stacking

1938



MIKIETAL.: STIFFNESS DESIGN OF COMPOSITES 1939

sequences for multiaxial angleply symmetric laminates and
yields analytical solutions for many problems.5!!

Those studies, however, assume deterministic conditions
where the material constants of fibrous laminated composites
and the applied stresses have no variations. Miki et al.'? devel-
oped a method to evaluate the reliability of the strength of
unidirectional fibrous composites based on the advanced first-
order second-moment (AFOSM) method and found that the
optimum fiber angle which yields the maximum strength reli-
ability changed with the increase in the variation of the applied
load. Miki et al.!? also proposed a new analytical method to
determine the optimum fiber angle of unidirectional com-
posites under probabilistic conditions, which is called the inte-
rior tangent ellipsoid (ITE) method. This method clearly
shows that the optimum fiber angles are different between
probabilistic and deterministic conditions. For the compara-
tive verification with respect to various failure criteria,
Nakayasu et al.!* proposed a reliability model of unidirec-
tional fibrous composites based on the first-/second-order
reliability method. Cederbaum et al.!’ investigated many as-
pects regarding the reliability of composite structures under
random vibration.

For multiaxial laminates, Cederbaum et al.!® proposed a
method for evaluating the reliabilities associated with various
failure modes of each ply of laminates. Shao et al.!” investi-
gated the reliability-based optimum fiber orientation angles of
multiaxial laminates and showed that the optimum laminate
configurations with the maximum reliability of the strength
under probabilistic conditions are very different from those
with the maximum strength under deterministic conditions.
However, the optimum laminate configuration for stiffness
constraints under probabilistic conditions has not been studied
as yet. The optimum laminate configurations for stiffness-re-
lated properties can change under probabilistic conditions
where the material constants of fibrous laminated composites
and the applied stresses have some variations.

In this study, a new approach is proposed to incorporate the
variations of the elastic constants of composites and applied
loads into optimum design with stiffness constraints, using the
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Fig. 3 Feasible design region (hatched area) for the constraints given
by Eq. (10).

lamination parameters. The key idea is the combination of
reliability analysis and the lamination parameter method.

Laminate Design with Stiffness Constraints
The coordinate system for laminated plates is shown in Fig.
1. The relation between in-plane load N, moment M, in-plane
strain e, and curvature « of a symmetric laminate is repre-
sented as

N = Ae, M =D«

A =hA¥, D =h’D*/12 4))
For the laminates having orthotropic lamina, the elements of
normalized in-plane stiffness matrix 4 * and normalized flex-
ural stiffness matrix D* are given by!'8

(At U ovtovE] ey
A3 u, -vt Vi

e P P 72 0
A 12 U4 0 V2 U

A% lus o -vi| L7

(DY, U, Wt Wi ]
D3 U -wt W%

St =l o sl €)
D 12 U4 0 - W2 U.

D% (us o —wi| L7

where
L 5 (2
V== cos 26 dz, Vi== cos40dz (4
h 0 h 0

24 (2 24 (72
W= e S cos 20z2 dz, Wi = PE cos 46z% dz (5)
0 0

The stacking sequence of the laminate of which each lamina
is orthotropic is represented by

[(£0)nn/- - -/ (£0)N2/ (£0)DM1)s ©)

A typical design problem for optimizing laminates with
stiffness constraints is formulated as

optimize f(O, k) subject to g (A*, D*, h) <0

k=1,2,...,K) Q)

where the function f can be any function of the stacking
sequence and the thickness of a laminate.
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This type of optimization problem is generally solved by
using a nonlinear mathematical programming method. Hirano,?
for example, obtained the optimum fiber orientations for the
maximum buckling strength by using Powell’s method. How-
ever, such an approach is not efficient for problems having a
large number of design variables since there are a lot of local
optima. Therefore, a more general method is needed.

Laminate Design Using Lamination Parameters
The design method using the lamination parameters is one
of such general methods. Miki and Sugiyama!! proposed a
unified approach to the design of laminates using the lamina-
tion parameters. The lamination parameters are V* and W* in
Eqgs. (4) and (5), and they are called the in-plane lamination
parameters (ILP) and the flexural lamination parameters
(FLP), respectively. Miki%’ investigated the allowable region
of the lamination parameters and found that the parameters
play an important role in laminate design.
Design problems under in-plane loads are considered here.
The allowable region of ILP is obtained as®!!
ViV, Vi<l 8)
which is represented as the hatched region in Fig. 2. Then the
general description of the problem is stated as

optimize f(VF,V5, h) subject to g, (4*, 1) <0
(k=1,2,...,K) )

Many in-plane stiffness-related functions are evaluated on
the allowable region, and a feasible design region can be easily
obtained. For example, in-plane effective engineering constants
are the functions of in-plane stiffness which is the function of
ILP. Therefore, the engineering constants can be evaluated on
the ILP plane.

Suppose that the following design constraints are given for
in-plane effective engineering constants:

E, =120, E, = 40, Es=15 GPa (10)
The hatched region in Fig. 3 is the feasible design region for
the given constraints for T300/5208 graphite/epoxy of which
material constants are shown in Table 1. A designer selects a
ply material and chooses one design point in the region, and
then the values of the lamination parameters are calculated.
From these values, the stacking sequence is obtained by using
Eq. (4) after giving the number of different orientation angles
and the number of plies.

If a designer chooses an angleply symmetric laminate with
five axes, the laminate configuration is [(£61),1, (£62) 2, (0)p3;,
which is called penta-axial laminates here. This type of lami-
nate is reduced to a tetra-axial laminate as p; becomes zero
and to a triaxial laminate as p; or p, becomes zero. It should
be noted that the representation of laminate configuration
gives only the fiber orientation angles and their ply ratios and
that it does not yield a specific stacking sequence since the
in-plane stiffness is not affected by stacking sequence. Equa-
tion (4) is rewritten for this type of laminate as

V¥ = p,cos 20, + p,cos 20, + p3

V3 = pcos 46, + pycos 46, + ps 1D
where

Lpi=1 (1=1,2,3) (12)

The fiber orientation angles in Eq. (11) are calculated from
the values of ILP of the design point, but the laminate config-
uration is not uniquely obtained since the number of the
design variables is four. In this case, two of the ply ratios are
predetermined by considering the total number of plies of the

laminate, and the remaining variables are calculated. Those
solutions are equivalent with respect to the in-plane stiffness.

The strains of a composite plate are evaluated on the ILP
plane when applied stresses are given. Therefore, strain-re-
lated performance such as a strain-based failure criterion can
be evaluated on the ILP plane. Then the lamination parameter
method can be used for strength problems as well as stiffness
problems.

Probabilistic Stiffness Design of Laminates

The material constants and the applied loads in the stiffness
design are assumed to be deterministic in the previous section.
However, they have some uncertainties in practice, and so
stiffness design problems under probabilistic conditions are
discussed in the following part of the present paper. The
concept of structural reliability is introduced to solve such
problems.

The problem given in Eq. (9) is rewritten under probabilistic
conditions as

optimize f(V¥, Vi, h) subject to P{gr(4%*, h) = 0] = P,
k=12,...,K) (13)

where P, is the prescribed lower bound of probability. This
means that the constraints are satisfied at the probability level
higher than P,. The material constants and the applied stresses
are treated as random variables. The variations in fiber orien-
tation angles are not considered here.

To solve this problem, it is necessary to find the feasible
design region with respect to the probabilistic constraints in
Eq. (13), and a design point has to be determined. The lami-
nate configuration is obtained in the same way as mentioned
in the previous section after obtaining the design point on the
ILP plane.

Evaluation of Probability on In-Plane
Lamination Parameters Plane

In structural reliability analysis, a limit state function which
defines failure of a structure is introduced. The limit state
function is represented as a function of variables X with some
uncertainties called basic random variables that affect the
failure as

M(x):g(Xl’ X21"')Xn) (14)
where M < 0 means failure, and M >0 means nonfailure. A
plane which satisfies M = 0 is called a limit state or a failure
surface. The basic random variables are assumed to be statisti-
cally independent or to have been transformed into indepen-
dent variables.

After defining the limit state function, the probability of
failure of a structure is represented as

P={]- A, X .. Xy dX,-dXs - - -dX, (19)

where D is a failure domain satisfying M < 0.

The evaluation of the probability is performed by using the
AFOSM method?*-22 where the probability of failure is evalu-
ated by the reliability index 3 that is a function of the first and
second moments (mean and variance) of the linear approxima-
tion of the limit state function.

Table 1 Material constants for the analysis

E,, GPa Ey, GPa E;, GPa vy
Mean? 181 10.3 7.17 0.28
Coeff. of variation® 0.05 0.05 0.05 0.01
Distribution® Normal

@Mean values are from Ref. 19. PCoefficients of variation and the distributions
are assumed.
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In the AFOSM method, the basic random variables X are
transformed into standard normal variables, U.

Ui = &7 '[F,(X)] (16)

The linearization of the limit state function is carried out at
such a point u#* that yields the shortest distance between the
point on the failure surface and the origin in the U space.
Point u* is called the 8 point, and the reliability index 8 is
given as the distance between the origin and point u ™ as shown
in Fig. 4.

The B point is usually obtained by using an iterative
method?*2* or a nonlinear mathematical programming
method.? This method is called the AFOSM method. The
probability of failure, that is, the probability of event M < 0,
is obtained from g as

Pr=&(-f) an

The evaluation of the reliability of the stiffness of the lami-
nates on the lamination parameter plane is performed as fol-
lows. The limit state function for this problem is considered to
be g.(A*, h) in Eq. (13), and the probability Plg;(A*, k) <0]
can be evaluated by using the reliability index § after giving
IPL. A new algorithm by Shao et al.'” is used in this paper.

The effective longitudinal modulus along the 1 axis, E;, for
example, is the function of the in-plane stiffness A*, and its
contour curve with a constant reliability level is drawn on the
IPL plane as shown in Fig. 5. The material constants are
assumed to be normally distributed with their mean values
listed in Table 1, and their coefficients of variation are given
in the figure. This figure also shows the effect of the coeffi-
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Fig. 5 Contour curves of E1 on the ILP plane.
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cients of variation of the material constants of the ply. The
domain providing the reliability of more than 0.95 is the
upper-right portion of the figure, and it is reduced as the
variation in the material constants increases.

This is different from deterministic cases where the contour
curve remains unchanged. In this case, the contour curve for
E, =120 GPa under deterministic conditions corresponds to
the curve for CV = 0 in Fig. 3.

Results and Discussions
Typical Design Problems
Three types of design problems are considered here.

Problem A

Problem A is an optimization problem where the objective
function is a function of the in-plane stiffness of a laminate
such as E; or A;, and the constraints are imposed on the
effective engineering constants of a laminate. Effective shear
constant Fg is adopted here as the objective function, for
simplicity.

Maximize Es subject to P[E; =z Epl =Py (i =1, 2,6) (18)

where Ejy = 100, Eyy = 40, Ego = 15 (GPa); Py = 0.5, 0.9, 0.95,
0.99.

Problem B

Problem B is a problem where the constraints are imposed
on the principal strains of a laminate under given applied
loads. It is very important to investigate the maximum strain
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Table 2 Laminate configurations for problem A;
laminate type: [(£01)p1, (£62)p2, (0)ps]s

No. 01, deg § 0, deg j 223 83, deg  p3
01 10.3 0.6 56.7 0.4 0 0.0
02 16.9 0.7 63.2 0.3 0 0.0
03 21.6 0.8 77.2 0.2 0 0.0
04 11.3 0.5 56.7 0.4 0 0.1
05 18.4 0.6 63.1 0.3 0 0.1
06 233 0.7 76.4 0.2 0 0.1
07 12.7 0.4 56.6 0.4 0 0.2
08 20.4 0.5 62.9 0.3 0 0.2
09 25.5 0.6 75.3 0.2 0 0.2
10 14.8 0.3 56.6 0.4 0 0.3
11 23.3 0.4 62.5 0.3 0 0.3
12 28.6 0.5 73.6 0.2 0 0.3
13 18.5 0.2 56.5 0.4 0 0.4
14 27.8 0.3 61.9 0.3 0 0.4
15 33.2 0.4 71.0 0.2 0 0.4
16 28.2 0.1 56.2 0.4 0 0.5
17 37.4 0.2 60.0 0.3 0 0.5
18 41.8 0.3 65.3 0.2 0 0.5
192 45.2 0.4 80.0 0.1 0 0.5

3Total number of plies = 20.
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Fig. 8 Feasible region for the constraint of the major principal
strain.

of a laminate since it is needed for the maximum strain crite-
rion of strength. The probability levels are set to several val-
ues. The probability of 0.5 corresponds to the design based on
mean values. Find the feasible design region for the following
constraints:

constraints : P[le; | <€l =Py (i =1, 11, VI) (19)

where €o=35X 10_3, enp = 8 X 10—3, evio = 9.5 X 10-3;
Py =0.5,0.9,0.95,0.99; E(S;) = 0.3, E(S;) = 0.1, E(S¢) = 0.1
(GPa); and CV(S;) = 0.2 (i = 1, 2, 6).

Problem C

Problem C is an optimization problem where the constraint
is imposed on an approximate failure criterion!® of a laminate
which is expressed in terms of the laminate strains. The load-
ing condition is the same as that in problem B. The transverse
strain is adopted as the objective function, for simplicity.

Minimize ¢, subject to Ple? + e+ 0.5 e2<K} =P, (20)
where K = 5 x 1073; P, = 0.5, 0.9, 0.95, 0.99.

Feasible Design Region and Design Point

The feasible design region of problem A is shown in Fig. 6
with the probability level of 90% and the material properties

listed in Table 1. The detail of the feasible design region for
various probability levels is illustrated in Fig. 7. It is clearly
recognized that the feasible design region shrinks with in-
creasing the probability level. If there is no feasible design
region, the ply material should be changed to one with higher
properties.

The objective function in problem A is the effective shear
modulus Eg and the optimum design point becomes point P in
Fig. 6 since E; increases with the decrease in V3. The values of
the lamination parameters of point P are

Vi =0.403, Vi =0.177 21

The laminate configuration is obtained from Eq. (11). The
calculated result is shown in Table 2 where the total number of
plies is assumed to be 20, and then the ply ratio is a multiple
of 0.1. All configurations in Table 2 have equal in-plane
stiffness, and a designer can choose one configuration based
on some other criteria.

For problem B, the feasible regions for each constraint are
shown in separate figures. Figures 8, 9, and 10 show the
feasible regions for the major principal strain, the minor prin-
cipal strain, and the maximum shear strain, respectively. The
feasible regions are reduced with increasing the probability
level. It should be noted that these regions are affected by the
applied stresses. The applied stresses are assumed to be inde-
pendent Gaussian random variables with their mean values of
E(S))=0.3, E(S,)=0.1, and E(Sg) =0.1 (GPa), and their
coefficients of variation CV(S;) = 0.2 (i = 1, 2, 6). The mate-
rial constants are assumed to have the probabilistic properties
given in Table 1. The major principal strain is found to be
critical from these results.
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Fig. 9 Feasible region for the constraint of the minor principal
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Fig. 10 Feasible region for the constraint of the maximum shear
strain.
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The overall feasible design region for problem B is shown in
Fig. 11, which is very similar to the feasible region for the
major principal strain although it is slightly different by the
effect of the constraint on the maximum shear strain. This
region corresponds to nonfailure region on the maximum
strain criterion, and it can be seen that probabilistic strength
constraints are evaluated on the lamination parameter plane.

The feasible design region for problem C is shown in Fig.
12. The numerical data and probabilistic properties of the
material constants and the applied stresses are the same as
those for problem B. It is clearly recognized that this result is
very similar to Fig. 11, and it is found that the approximate
failure criterion in terms of laminate strains is effective. When
the probability level is set to 95% and the objective is to
minimize the transverse strain, then the optimum design point
becomes point P in the figure. The values of the lamination
parameters are

Vi =0.340, Vi =—-0.390 22)
The laminate configurations are obtained from Eq. (11). The
laminate configurations are listed in Table 3 where the total
number of plies is assumed to be 20.
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Fig. 11 Feasible design region for problem B.

The laminate configurations in Tables 2 and 3 are equiva-
lent with respect to their in-plane stiffnesses, respectively.
Therefore, a designer can choose one configuration after eval-
uating other properties of the laminates.

Minimization of the Variation in In-Plane Lamination Parameters

One method for selecting a laminate configuration among
the equivalent ones with respect to their in-plane stiffness is to
minimize the variation in the lamination parameters caused by
the variation in the fiber orientation angles. The purpose is to
make the actual design point as close as possible to the theoret-
ical design point on the ILP plane.

The sum of the variances of ILPs, SV, is approximated as

SV = var(VF) + var(V%)

=4 % (1 —tHA + 16t})cf + 4 % (1 — HA + 16tH63
+4 _1\/_1(%12;2 (1 - HA + 16:D)p1105

+4 ]'\2(%2—_’1_) (1 = ) + 16t3)p207

+38 N[:;jz V(1 = (A — (1 + 161112)p1206198 (23)

where t; = cos 28,(i = 1, 2).

The sum of these two variances is adopted as the evaluation
function for selecting an optimum configuration from the
equivalent solutions with respect to their in-plane stiffness.
For the configurations in Table 2, the comparison of the
evaluation functions is shown in Fig. 13 where the standard
deviations of the orientation angles are assumed to be 5 deg,
and the correlation coefficients p;; between the fiber angles of
each ply are assumed to be 0 or 1. Configuration 19 is found
to be optimum for both cases. )

When the orientation angles are assumed to be independent
Gaussian random variables and the other random variables
are taken to be the same as those for problem C, the probabil-
ities of satisfying the constraint Eq. (20) are evaluated for the
configurations in Table 3 by using the AFOSM method and

Table 3 Laminate configurations for problem C;
laminate type: [(+681)p1, (£02)p2, (O)p3s*

Ple?+63+0.5¢2<K?]

No. 6y, deg p1 02, deg p2 03,deg ps SV(p;j=0) AFOSM  MCP
01 146 04 454 06 0 00 0566x10-2  0.903 0.918
02 196 05 477 05 0 00 0818 0.891 0.902
03 230 06 506 04 0 0.0 1.012 0.875 0.884
04 257 07 545 03 0 0.0 1.162 0.859 0.867
05 281 0.8 610 02 0 00 1.244 0.843 0.852
06 305 09 84 01 0 00 1.032 0.825 0.842
07 171 03 454 06 0 0.1 0.529 0.911 0.925
08 24 04 45 05 0 01 0718 0.903 0.916
09 258 0.5 501 04 0 0.1 0.847 0.892 0.903
10 284 06 535 03 0 01 0939 0.881 0.890
11 307 07 5.1 02 0 01 00983 0.870 0.878
12 330 08 742 01 0 0.1 0846 0.858 0.870
13 218 02 452 06 0 02 0455 0.920 0.931
14 271 03 470 05 0 02 0.553 0.915 0.928
15 303 04 491 04 0 02 0.608 0.910 0.922
16 326 05 518 03 0 02 0.642 0.903 0.914
17 345 06 560 02 0 02 0.656 0.896 0.907
18 3.4 07 658 01 0 02 0.603 0.890 0.900
19 390 01 441 06 0 03 0235 0.924 0.934
20 406 02 445 05 0 03 0235 0.929 0.937
21 413 03 449 04 0 03 0235 0.929 0.938
22 418 04 454 03 0 03 0235 0.928 0.937
23 422 05 461 02 0 03 0235 0.924 0.935
24 26 06 477 01 0 03 0236 0.919 0.931

3Total number of plies = 20. PMonte Carlo simulation, sample size = 10,000.



1944 MIKIET AL.: STIFFNESS DESIGN OF COMPOSITES
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Fig. 12 Feasible design region for problem C.
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Fig. 13 Variation in ILP.

Monte Carlo simulation. The results are also listed in Table 3.
It should be remarked here that the probability level has been
set to 0.95 where no uncertainties exist in the orientation
angles. It is seen that the probability levels become lower than
the prescribed value 0.95 when the orientation angles have
probabilistic variations. It is observed that the sum of the
variances of ILPs is closely related to the probability levels of
the constraint, that is, the small sum of the variances results in
the high probability of satisfying the constraint. This confirms
that the sum of the variances of ILPs can be used as the
performance index for selecting the optimum configuration
from the equivalent solutions.

From this result, the following points are observed. Firstly,
the variation in ILP is larger for the large value of correlation
coefficient. Secondly, the increase in the ply ratio of 0 deg
yields the decrease in the variation. This result depends on the
values of ILP, but it can be stated that if the constraint along
the 1 axis is dominant the use of 0-deg ply as much as possible
provides the lowest variation in ILP. The variation in ILP
becomes important when the fiber orientation angles of the
plies in laminate have some variation.

Conclusions

A reliability analysis is introduced into the lamination pa-
rameter method, and a new approach to determine optimum
laminate configurations in optimum design problems with
probabilistic constraints on the stiffness or stiffness-related
properties of laminated fibrous composites is proposed. The
following conclusions are drawn from this study.

The formulation for the reliability analysis of the stiffness-
related properties of laminated composites is presented. A

feasible design region associated with probabilistic constraints
on the stiffness or stiffness-related properties of composite
laminates can be obtained on the lamination parameter plane.
The feasible region is reduced with the increase in the variation
in the material constants of a ply material. The feasible design
region is reduced with the increase in the probability of satisfy-
ing given constraints.

Some optimum laminate configurations which are equiva-
lent with respect to their stiffness are obtained from the opti-
mum lamination parameters. A method is proposed to deter-
mine one configuration among those equivalent ones to
minimize the variation in lamination parameters, that is, the
variation in the stiffness properties for the case where some
variations in the fiber orientation angles exist.
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